Abstract. We study relative Fourier-Mukai transforms on genus one fibrations with section, allowing explicitly the total space of the fibration to be singular and non-projective. In addition, we use Grothendieck duality to prove a skew-commutativity relation between this equivalence of categories and certain duality functors.
Introduction
Mukai [21] introduced functors of the form Rπ 2 * (P L ⊗ π * 1 ( · )) as an efficient tool to study vector bundles on Abelian varieties. If such a functor is an equivalence of derived categories, it is called a FourierMukai transform, whereas in general they are referred to as integral transforms. Originally, they have been applied to study moduli problems on smooth projective varieties, not only on complex tori. This seems to be natural in the light of Orlov's theorem [23] , which states that any auto-equivalence of the bounded derived category of coherent sheaves on a smooth projective variety X is a Fourier-Mukai transform.
More recently, in higher dimensional birational geometry, the point of view was adopted that bounded derived categories of coherent sheaves might provide the framework which is needed to understand the minimal model programme. This is supported by results which show that, if two varieties are related by a flop, their derived categories of bounded complexes of coherent sheaves are equivalent, see [9, 14, 20] .
The minimal model programme naturally leads to the study of singular projective varieties. This generates a demand for the study of Fourier-Mukai transforms on singular varieties. However, not only Orlov's theorem about equivalences, but most of the results concerning equivalences between derived categories of coherent sheaves are established in the smooth case only, see [23] . The smoothness assumption enters the proofs in an essential way by using that any coherent sheaf has a finite locally free resolution and a finite quasi-coherent injective resolution. Consequently, all the standard functors of Grothendieck are defined on and take values in the bounded derived category of coherent sheaves. This is no longer true on a singular variety. To deal with difficulties like these, we use the machinery which was developed in [19] .
Using derived categories and Fourier-Mukai transforms, Chen [14] studied flops on three-dimensional projective varieties with terminal Gorenstein singularities. Using non-commutative algebra, similar results were proved in a more general setting by Van den Bergh [24] . Some general properties of integral transforms on singular varieties can be found in Chen's paper, but the main difficulties with singularities are circumvented by embedding such a variety into a smooth fourdimensional variety. Another method to circumvent these difficulties was used by Kawamata [20] .
On elliptically fibred smooth projective varieties, relative FourierMukai transforms have been applied successfully to the study of moduli of vector bundles, see [7, 10, 25] . Caldararu [13] studied relative Fourier-Mukai transforms on smooth elliptic threefolds and is forced to use twisted sheaves, because he does not suppose the existence of a section. Relative Fourier-Mukai transforms on elliptic fibrations are now established as important tools in other areas as well, such as string theory, where D-branes are studied [3, 16] and also in the study of Calogero-Moser systems [5] .
In this paper, we study elliptic fibrations q : X → S with a section. We do not need to suppose X or S to be either projective or smooth. Under these assumptions, we show in theorem 2.10 that a particular integral transform is an auto-equivalence of derived categories of bounded (resp. bounded above) complexes of coherent sheaves on X. This removes a gap in the proof of [4] , theorem 2.8, see remark 2.11.
The standard proof that a certain integral transform is an equivalence uses a criterion of Bridgeland [8] , which is difficult to apply in the singular case. Therefore, in the singular case, it is hard to find a kernel of an integral transform which induces an equivalence of categories. We overcome such difficulties by using a completely different strategy which allows us to use results from our earlier paper [12] , in which we studied the special case S = Spec(k).
The plan of this article is the following. We start section 2 with recalling basic properties of the compactified relative Jacobian, following the work of Altman and Kleiman [1, 2] . Instead of working with a Poincaré sheaf on the fibred product of the fibration q : X → S with its dual fibration, we prefer to work on X × S X and give an explicit description of the sheaf P which defines the integral transform. Of course, these two approaches are equivalent. We give detailed proofs of some important properties of P, versions of which can also be found in [4] . After proving a compatibility property between relative Fourier-Mukai transforms and direct image functors of closed embeddings, we show our main result in this section, theorem 2.10, which states that the relative Fourier-Mukai transform with kernel P is an auto-equivalence of the derived category of coherent sheaves on the total space X.
In section 3 we derive a certain skew-commutativity of the relative Fourier-Mukai transform FM P and the derived functor RHom( · , L), where L is a line bundle on X. If X is Gorenstein, this functor is a dualising functor on X and we obtained a generalisation of Mukai's result [21] , (3.8) as well as a more general form of our result [12] , theorem 6.11.
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Notation. We fix an algebraically closed field k of characteristic zero. Throughout this paper we work in the category of k-schemes. Unless otherwise stated, a point is always a closed point and a fibre means a fibre over a closed point. A morphism of schemes f : Y → T is said to have pure dimension n, if dim O Yt,y = n for all points y ∈ Y , where t = f (y) and Y t denotes the fibre of f over t ∈ T . If Y and T are locally of finite type over k, any morphism f : Y → T is locally of finite type. Such a morphism is called Cohen-Macaulay (resp. Gorenstein), if it is flat and all fibres are Cohen-Macaulay (resp. Gorenstein) schemes.
If X is a locally Noetherian scheme, we denote by D coh (X) the derived category of the category of complexes of O X -modules whose cohomology sheaves are coherent. By D
we denote the full subcategories of D coh (X) which consist of those objects whose cohomology vanishes in sufficiently negative degrees, resp. sufficiently positive degrees, resp. negative and positive degrees. Similarly, the notation D qc (X), D 
Relative Fourier-Mukai transforms
The main result of this section is theorem 2.10, which shows that a certain relative Fourier-Mukai transform is an equivalence of categories in two ways:
. This will be shown under the following assumptions:
S is a reduced scheme, which is of finite type over k; X is connected and reduced; q : X → S is a flat and projective k-morphism, whose fibres are integral Gorenstein curves of arithmetic genus one; there exists a section σ : S → X of q which factors through the open set of points in X, at which q is smooth.
If these assumptions are satisfied, the image of the section σ is a Cartier divisor Σ ⊂ X. By ∆ ⊂ X × S X we denote the diagonal and by I ∆ its ideal sheaf.
The sheaf P on X × S X, which is used in the definition of FM P is
The sheaf P is flat over both factors, because the diagonal has this property and O X (Σ) is locally free.
We use the following notation. If q : X → S is a morphism of schemes and s ∈ S, x ∈ X are points, the fibre of q over s is denoted by X s and its embedding into X by j s : X s ⊂ X. We denote the two projections X × S X → X by π 1 , π 2 and the two projections X s × X s → X s by p 1 , p 2 . Furthermore, we abbreviate π :
The fibres of both projections π 1 and π 2 over x ∈ X are isomorphic to X q(x) , so that we have two Cartesian squares:
. The morphisms ψ ν,x coincide with the compositions
where the first map embeds X q(x) as the fibre of p ν over x and the second morphism is just j q(x) × j q(x) . By X s ∼ = ∆ s ⊂ X s × X s we denote the diagonal and by I ∆s its ideal sheaf.
Under the assumptions (⋆) we obtain for any s ∈ S:
, where I x denotes the ideal sheaf of the point x in X s = X q(x) . Because σ(s) is smooth in its fibre X s , as a special case we obtain Yt (P(t), O Yt ) = 0 for all points t ∈ T and any i > 0, where Y t ⊂ Y is the fibre of f over t and P(t) denotes the restriction of P to Y t . Then, the following holds:
Furthermore, for any morphism g :
Corollary 2.2. Let f : Y → T be a projective and flat morphism of schemes, with T locally of finite type over k. Suppose, f is a Gorenstein morphism of pure dimension one and P is a T -flat coherent sheaf on Y such that for any point t ∈ T the restriction P(t) of P to the fibre Y t is torsion free. Then, the following holds:
Proof. Because, by assumption, P(t) is torsion free on the curve Y t , for any point y ∈ Y t we have depth(P(t) y ) ≥ 1. Because Y t has pure dimension one, this implies that P(t) y is a maximal Cohen-Macaulay module over the local Gorenstein ring O Yt,y . Hence, by local duality [11, Cor. 3.5 .11], we obtain Ext If the morphism q : X → S satisfies (⋆), we can apply the corollary to f : Y → T being either projection π 1 , π 2 : X × S X → X.
In the course of the proof of the following proposition we use the compactified Picard scheme as it was introduced by A. Altman and S. Kleiman in [1] and [2] . Let us briefly recall some notation and the results we are going to use. Let S be a scheme which is locally of finite type over k and let q : X → S be a flat and projective morphism, whose fibres X s are integral curves. The functors Pic − X|S and Pic = X|S associate to any S-scheme the set of all equivalence classes of flat families of torsion free rank one sheaves, which are, in addition, supposed to be Cohen-Macaulay on the fibres in the second case. Two such families are equivalent, if they differ by a twist with the pullback of an invertible sheaf from the parameter scheme. Because on an integral curve a torsion free sheaf is automatically Cohen-Macaulay, these two functors coincide in our situation. We denote them by Pic X|S .
A pair (P, F ), which consists of an S-scheme P and a finitely presented sheaf F on X × S P , which is P -flat and whose restrictions to fibres of the projection to P are torsion free sheaves of rank one, is said to represent the functor Pic X|S if the following holds: for any S-scheme T and any T -flat family G of finitely presented torsion free sheaves of rank one on X × S T there exists a unique S-morphism f : T → P , such that there exists an invertible sheaf A on T and an isomorphism (
By q T we denote here the second projection X × S T → T .
In general, the functor Pic X|S is not representable by an S-scheme, because it is not a sheaf in the Zariski topology or in any finer topology. Therefore, in general, this functor has to be sheafified. The sheafified functor in theétale topology was studied in [1] . However, under the assumption of the existence of a section σ : S → X of q, which factors through the smooth locus of q, it was shown in [2] , theorem 3.4 (iii), that the functor Pic X|S is a sheaf in theétale topology. Actually, they show it is a sheaf in the finer fppf-topology. Hence, we can apply [1] , theorems 8.1 and 8.5, to conclude: Pic X|S is representable by an S-scheme, which is the disjoint union of infinitely many projective S-schemes P ic 
Furthermore, i is compatible with base change, which means the following. Let us denote for any morphism g : T → S by i g : X × S T → X× S T the map which is defined in the same way as i was defined, but by replacing
Proof. As seen above, the pair (X, P) represents the functor Pic
∨ is torsion free and of degree zero, the universality of (X, P) implies the existence of a unique morphism i : X → X of S-schemes which satisfies (1 X ×i)
X and restrict both sides of the isomorphism above to X via σ 1 (4) , and A must be trivial on the fibres of q. This implies that there exists an invertible sheaf M on S, such that A ∼ = q * M. If g : T → S is an arbitrary morphism of schemes, from corollary 2.2 we obtain (1 X× S X × g)
The definition of i and i g imply now the compatibility with base change.
Remark 2.4. Suppose, the morphism g in the proposition is given by a point s ∈ S, considered as a morphism s : Spec(k) → S. Then, the induced morphism i s : X s → X s coincides with the morphism i used in [12] , if the reference point p 0 is chosen to be equal to σ(s).
Lemma 2.5. Assuming (⋆), we obtain P ∨∨ ∼ = P, i 2 = 1 X and i is an isomorphism.
Proof. Here, we denote by P(x) the restriction of P to the fibre X q(x) of π 2 : X × S X → X over x ∈ X. This is a torsion free sheaf on a Gorenstein curve, hence local duality applies to prove reflexivity of P(x). A local calculation shows that the canonical mappings
coincide. From corollary 2.2 we know the second arrow in both cases is an isomorphism. Now, we obtain that the canonical isomorphism P(x) → P(x) ∨∨ is isomorphic to the restriction of the canonical morphism of sheaves P → P ∨∨ . By Nakayama's lemma this morphism is surjective, whence we have an exact sequence
But, by corollary 2.2, P ∨∨ is π 2 -flat, hence the restriction of (5) to the fibre X q(x) is exact. Reflexivity of P(x) implies K(x) = 0, and using Nakayama's lemma again, we obtain K = 0. Hence P is reflexive. The statement about i 2 is now an easy consequence of universality.
Remark 2.6. It is interesting to observe that the sheaf P is CohenMacaulay, provided the assumptions (⋆) are satisfied and S itself is Cohen-Macaulay. This follows from [11] , theorem 2.1.7, because P is Cohen-Macaulay on all fibres as seen in the proof of corollary 2.2.
Let q : X → S be a flat and proper morphism of schemes, where S is supposed to be of finite type over k. In order to define an integral transform
, we recall from [19] that the assumptions on q imply that there exists a derived functor
, which follows from the facts that, by Grothendieck's vanishing theorem, Rq * maps coherent sheaves to complexes which have at most dim(X) non-vanishing cohomology sheaves and that Rq * commutes with homotopy co-limits, see [22] . By properness of q, restricting to D b coh (X) we obtain a functor
. All these statements are true for π 2 as well. Again from [19] we know, if Q is an object in D -coh (X × S X), the derived tensor product with Q is a functor
Hence, for such Q, we obtain an integral transform
It was observed in [14] that we obtain
, provided Q is isomorphic to a bounded complex of coherent π 1 -flat sheaves. In particular, if P is the coherent π 1 -flat sheaf on X × S X, which was defined in (1) under the assumptions (⋆), we have a functor
, which is the restriction of the functor 
Proof. In the commutative diagram (6)
− −− → X the left square is Cartesian by assumption. Because π 1 and, hence, pr 1 are flat, from this Cartesian diagram we obtain an isomorphism of functors
The four functors involved in the isomorphism (7) are exact, hence they coincide with their derived versions. Using that closed embeddings are proper, we obtain that (7) is an isomorphism of functors
Because the schemes considered here are of finite dimension, and because η×ζ is affine, which implies exactness of (η×ζ) * , the projection formula gives a functorial isomorphism
Finally, from commutativity of the right hand square in the diagram (6) together with exactness of the functors ζ * and (η × ζ) * we deduce the existence of an isomorphism of functors
Putting these observations together, we obtain the desired isomorphism, which is functorial in
As a corollary, we obtain a useful and probably well-known result, a version of which can be found in [14] , lemma 6.1.
Corollary 2.8. Suppose S is of finite type over k, s ∈ S and q : X → S is flat and projective. Let
Proof. This follows with Y = Z = X s and ζ = η = j s from lemma 2.7.
Lemma 2.9. Let S be of finite type over k, X connected and reduced and q : X → S a flat, projective morphism.
Proof. By assumption, we know that
. Hence, Lψ * 1,x Q is a sheaf for all points x ∈ X. From [8] , lemma 4.3 we deduce now that Q is a coherent sheaf on X × S X which is π 1 -flat. In particular, Lψ *
Because q is projective, there is a q-very ample line bundle A on X and π * 2 A is π 1 -ample. For large positive m the canonical mapping (10) π
, we obtain
Hence, B := π 1 * (Q⊗π * 2 A ⊗m ) is locally free of rank one on X. Therefore, from (10) we obtain a surjection
, which implies the existence of a unique S-morphism ϕ : X → Hilb 1 (X | S) such that (11) is isomorphic to the pull-back (1 X ×ϕ) * (O X×Hilb 1 (X|S) → U) of the universal quotient. But, by [1] , lemma 8.7,
⊗−m the claim now follows.
Theorem 2.10. If the assumptions (⋆) hold,
Proof. It is well-known that the composition of integral transforms is an integral transform, see [21, 14, 6] . In the present situation, we obtain
, recall that it is the derived direct image under a proper morphism of certain (derived) tensor products of flat pull backs of sheaves. These sheaves are flat in our situation. Hence, the derived tensor product is the usual one and yields a coherent sheaf. This shows that Q is in D 
. Now, because P is π 1 -flat and q is flat by assumption, the sheaf P is π-flat as well. Hence, the derived restriction P s to the fibre of π over s ∈ S coincides with the usual restriction (j s × j s ) * P. By (2), remark 2.4 and [12] , remark 2.17, we see that [12] applied to the curve X s studies the functor F :
Ps . This implies that [12] , theorem 2.18 gives an isomorphism i *
for any x ∈ X, and lemma 2.9 implies the existence of a line bundle L on X such that (12), we see that L is trivial along the fibres of q : X → S, hence L ∼ = q * N with some line bundle N on S. The functor T N , which is the tensor product with q * N , is an equivalence on D 
which is an equivalence. This implies FM P is an equivalence as well.
Remark 2.11. In [4] , theorem 2.8, it is claimed that FM P is an autoequivalence of the derived category D b (X). However, their proof of this result contains the following significant gap. Using our notation, they argue that the square FM Q = FM P • FM P of the relative Fourier-Mukai functor is isomorphic to the composition of the tensor product with the shift of a certain line bundle L and an equivalence induced by the involution i of the variety X. The authors show that the complex Q has cohomology only in degree one and construct a map f :
For a sheaf H on X × S X and z ∈ X × S X let us denote its fibre over z by H(z) := H ⊗ k(z). In [4] it is shown that the induced map on fibres: f (z) :
is an isomorphism for all z ∈ X × S X. This would be enough to prove that Q is isomorphic to ζ * (L) only if it were already known that H 1 (Q) is a sheaf of O Γ -modules, where Γ = ζ(X) is the graph of i. However, we do not see an easy argument to show this.
Fourier-Mukai transform and Grothendieck duality
In this section we study the relationship between duality and the relative Fourier-Mukai transform FM P which was studied in the previous section.
We shall use Grothendieck-Verdier duality to prove our result, which describes the composition of the Fourier-Mukai transform with a functor of the type RHom( · , L). A corollary of our result can be formulated as a kind of twisted compatibility with a dualising functor, but only if we assume the scheme S to be Gorenstein. As a special case, we recover [12] , theorem 6.11.
Grothendieck-Verdier duality can be formulated in the following way (see [19, 15] ): if f : X → Y is a proper morphism between schemes which are of finite type over k, there exists a functor
which is functorial in both arguments
. Such a dualising complex exists on any scheme Y which is of finite type over k. An important feature of the functor f ! is that it respects the property of a complex to be dualising. Hence, the functor D X := RHom X ( · , f ! I • ) is dualising and the duality theorem implies
If I
• is a dualising complex on Y , for any integer n and any invertible sheaf L on Y , the complex I
• [n] ⊗ L is a dualising complex as well. Up to such changes, dualising complexes are unique. The notation D Y must be used with care, because such a functor depends on the choice of a dualising complex on Y , but only up to a shift and a twist by an invertible sheaf.
In order to apply the duality theorem, it is important to be able to calculate f ! . This is particularly easy in the special case of a CohenMacaulay morphism. If Y is of finite type over k and f : X → Y is a projective Cohen-Macaulay morphism whose fibres are of pure dimension n, we have for any F ∈ D + coh (Y ) by [15] , theorem 4.3.2:
Here we denoted by ω f the relative dualising sheaf, which is a coherent Y -flat sheaf on X and which satisfies ω f [n] ∼ = f ! O Y , see [15] , theorem 3.5.1. This sheaf is locally free if and only if the morphism f is Gorenstein. The sheaf ω f is compatible with base-change ( [15] , theorem 3.6.1). This implies that its restriction to fibres is the dualising sheaf on the fibre. In particular, if f is a Gorenstein morphism all fibres of which having trivial dualising sheaf, then
with an invertible sheaf A on Y . 
The assumptions allow us to apply lemma 2.2 to obtain flatness of P ∨ over T and Ext i Y (P, O) = 0 for i > 0. Hence, the functors P := P ⊗ f * ( · ) and
and similarly G T , we have a canonical morphism of functors
which is an isomorphism on the category of locally free O T -modules of finite rank. More explicitly, this morphism is the special case with I • = O T [0] of the composition of two canonical morphisms of complexes
in which I
• is an arbitrary bounded below complex of quasi-coherent sheaves on T . These morphisms are functorial in E and I
• . Suppose now I
• is an injective resolution of O T , that is a bounded below complex of injective quasi-coherent sheaves on T , which is quasi-isomorphic to O T [0]. Because f is flat, the functor f * is exact and so the complex f * I
• is an injective resolution of O Y . Hence, the composition above represents the morphism
in the derived category. If the derived functor RG T exists, due to exactness of P ∨ , the derived functor R(P ∨ • G T ) exists as well and there is a canonical isomorphism
if the derived functors RG Y and R(G Y • P) exist, the morphism (13) coincides with the composition
in which ξ is induced by the canonical morphism P ∨ • G T → G Y • P and the other morphisms are the canonical ones. The existence of these derived functors is not obvious in general, because the category of O T -modules does not have enough projectives. But, if T is quasiprojective over a field k, these derived functors can be constructed by using bounded above resolutions by coherent locally free sheaves.
Suppose for a moment T is quasiprojective over a field k. If E is a locally free O Y -module and i > 0, we have Ext
Hence, the functor P sends locally free sheaves to G Y -acyclic sheaves. Using [18] , theorem III.7.1, and exactness of P this implies that the third morphism in (14) is an isomorphism of functors
On the other hand, because the morphism P ∨ • G T → G Y • P is an isomorphism on the category of locally free sheaves on finite rank on T , the morphism ξ in (14) is an isomorphism as well. The conclusion is now that the morphisms (14) and hence (13) are isomorphisms, provided T is quasiprojective over k. Now, we return to the general case, in which T is a scheme which is of finite type over k. In the formulation of the next theorem we use the following notation from section 2: P denotes the sheaf (1) on X × S X and M is the sheaf introduced in proposition 2.3, which satisfies (1 X × i) * P ∼ = P ∨ ⊗ π * M. The assumptions on q : X → S in the theorem below imply the existence of an invertible sheaf A on S such that ω q ∼ = q * A. Finally, L denotes an invertible sheaf on S. Note that the functor RHom X ( · , q * L) is a dualising functor on X only if X is Gorenstein. This situation is considered in corollary 3.3. 
Proof. We have by definition
and apply Grothendieck-Verdier duality to obtain ∼ = Rπ 2 * RHom X× S X (P ⊗ π * 1 E, π ! 2 q * L).
Using [15] , theorem 3.6.1, we see π
⊗ π * L. So, the above is isomorphic to
Observing π * 1 q * L ∼ = π * 2 q * L and applying lemma 3.1, this is seen to be functorially isomorphic to
Now we observe π 1 •(1 X ×i) = π 1 , as well as Rπ 2 * •(1 X ×i) * ∼ = i * •Rπ 2 * , which is base-change with the isomorphism i, and apply proposition 2.3 to write P ∨ ∼ = (1 X ×i) * P ⊗π * M ∨ . Hence, using the projection formula, we can write the above expression as
which is the desired isomorphism.
Corollary 3.3. In addition to the notation and assumptions of theorem 3.2, suppose S is Gorenstein and connected. Then, there exists an isomorphism
where T M ∨ ⊗A denotes the tensor product functor with the locally free sheaf q * (M ∨ ⊗ A) and D X is a dualising functor on X of the form RHom X (−, q * L), with an invertible sheaf L on S.
Proof. Because the scheme S and the morphism q are Gorenstein, the scheme X is Gorenstein as well. Hence, any shift of a locally free sheaf on X is a dualising complex. In particular, for any locally free sheaf L on S, the functor RHom X (−, q * L) is dualising on X. The claim is just a reformulation of the theorem.
In the special case S = Spec(k), the invertible sheaves M and A are automatically trivial, so that T M ∨ ⊗A ∼ = 1. Because any irreducible projective curve of arithmetic genus one is automatically Gorenstein with trivial canonical sheaf, we obtain the following corollary, which generalises Mukai's result [21] , (3.8) . We denote D E = RHom E (−, O E ).
Corollary 3.4. If E is an irreducible projective curve of arithmetic genus one, then:
This is a generalisation of [12] , theorem 6.11. To see this, recall that we studied in [12] 
